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Abstract — We investigate the nonlinear mechanical
motion of a chiral nano-particle suspended in stationary fluid
induced by a linearly polarized electromagnetic field with a
rotating polarization axis. Our analysis makes use of the time-
averaged optical torque, which yields a set of three nonlinear
equations for the angular velocities of the 3D rotating chiral
particle in terms of its time-dependent Euler angles. The effect
of electromagnetic chirality dramatically changes the
qualitative behavior of the optical torque. It is also shown that
chirality manifests itself in the non-invariance of the particle
optical torque with respect to the direction of rotation of light
polarization. In order to preserve the invariant behavior, a
chiral duality condition must be enforced. Some relevant
experimental observations and few practical applications of
predicted effect are also mentioned and discussed.

Index terms — Optical torque; Chirality; Euler
angles; Rotating linear polarization.

I. INTRODUCTION

Controlling the optical torque (OT) acting on trapped
nanoparticles (known as optical tweezers) is essential for
different applications in nano-optics, biophysics and
biotechnology [1], among them the rotation of living cells
[2,3], implementation of motor proteins [2,3] and
microscopic machines [4-6] have been demonstrated. The
rotation of nanoparticles may be induced via scattering or
absorbance of light, and one of the principles underlying the
application and control of the OT acting on nanoparticles, is
the use of wave-plates that rotate the direction of a linear
polarized light impinging on an asymmetric nanorod
suspended in a nanofluid [6]. Such apparatus produces a
nonlinear mechanical motion and enables its effective
control, for example by means of the “flip-back™ effect [6].
In angular optical tweezers, the most commonly employed
trapping particle thus far is a quartz cylinder. Crystalline
quartz has an anisotropic electric susceptibility, such that the
extraordinary axis of the crystal is more easily polarized than
the ordinary axes. The cylinder is designed to have its
extraordinary axis perpendicular to its cylindrical axis and
one of its ends chemically functionalized for attachment to a
biological molecule of interest. Once the cylinder is trapped,

its cylindrical axis orients along the direction of light
propagation as a result of shape anisotropy i.e. experience an
optical torque [7].

Fig.1. Deplore response of a metaparticle to an impinging EM
excitation.

The advent of anisotropic and chiral materials opens a novel
way for implementing OT [8-14] techniques. An object is
defined to be chiral, if it is impossible to transform it onto its
mirror image by rotation or translation [15]. Such asymmetry
is the reason for the different response of an object with
respect to opposite helicity of the incident electromagnetic
wave. In Fig.1 the deplore response of a metaparticle, so
called twisted- {2, is presented. An  x-directed
electromagnetic (EM) excitation induces an x-directed
electric dipole moment pgr_on the straight section of the
particle, which corresponds to the polarizability tensor
component axs and the current associated with this dipole
moment, [ ,flows in the loop section from current continuity.
However, given the 90° twist of the loop, this current now
gives rise to the x-directed magnetic dipole moment py, g
which corresponds to o, .Note that if the angle of the loop
twist were not exactly 90°, then the induced magnetic
moment would be tilted, which would introduce an off-axis
contributions to the response. Therefore, chirality is a dual
condition. It means that elements embedded in a host
medium with a given chirality, can be used to manifest -at
the nanoscale-the transition between linear to non-linear
regimes and vice versa. Such phenomena can be applied in
nontraditional applications [16]. The recent progress in
nanotechnologies have made it possible to create new types



of chiral materials (e.g., carbon nanotubes [16] and
plasmonic nanohelixes [17]) with tailored properties for
specific optomechanical applications. Among the promising
nanotechnological applications, we can highlight modern
activities such as torque sensing [18], using, for example,
photo actuators and motors [17].

The remarkable properties of OT are due to the
synthesis of different concepts. The main part of theoretical
models of OT with chiral objects and their experimental
implementations [8-14] are based on the circular polarized
waves.

Incident field

Fig.2. Rotating chiral Gold spheroid suspended in stationary fluid
excited by the plane wave E = Ee~lot3 X Y,Z is Cartesian lab
system, X', Y',Z' Cartesian rotating system and ¢,{,8 Euler
angles; N is the nodal line. The permittivity of the spheroid € =
(—112.41 + 20.55i)gy,Permittivity  of  liquid &, = 1.78¢,
(water).The dimensions of the spheroid are: a, = 2500nm, a, =
ay = 250nm and the wavelength and amplitude of the impinging
plane wave are 1300nm and 105V/m , respectively. The relative
permeability between the spheroid and its surroundings is taken as
unity.

The presented study opens the path towards
controlling the manner in which angular momentum is
transformed to a chiral object suspended in a stationary fluid.
The theory of such process is the subject of this paper, and
may be considered as a generalization of the model [6] (OT
of the non-chiral dielectric particle by the rotated linearly
polarized light). The main result of our paper is the
transformation of electromagnetic chirality to the special
asymmetry of OT acting on a nanospheroid.

II. MODEL

We consider a nanospheroid suspended in
stationary fluid. Under real experimental conditions [6], the
moment of inertia I of the object is extremely small and as a
result inertia term can be ignored with respect to
electromagnetic, and viscous forcing. We assume that all
axes lengths of the spheroid are small compared with the
exciting wavelength. Under these assumptions, the Rayleigh
approximation is implemented for the description of light
scattering [22] [23] [24]. The dipolar description of a small
chiral object, such as a chiral nanoparticle or a chiral
molecule, corresponds to a coupled system of induced
electric and magnetic dipole moments. The electromagnetic
behavior of a linear time-invariant (LTI) medium, can
generally be expressed by the Maxwell equations with the
following constitutive relations

D =€E + ¢H 6))
B=CE+nH @)

where € I, & denote the permittivity, permeability, and
magnetic-to-electric coupling dyadic tensors respectively.
One particular example for which the tensors €11, € and 2
reduce to the diagonal tensors e, ui, ET and (l=, is known as a
bi-isotropic  chiral medium. Within the Rayleigh
approximation, a nanospheroid can be modeled by the
system of electric and magnetic dipoles placed in its
geometric center. A 3D physical model for the rotational
dynamics of a tri-axial nanospheroid with principal axes
(ay, ay, a,) (Fig.2), is considered.
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Fig.3. Domain of existence of equilibrium is given between the red
and blue lines with the corresponding values of the nondimensional
parameter () and real (a) and imaginary (b) parts of the chiral

parameter k¥ = k,(Re(ve i) + Im(Ve o )i), =1 <k < 1.

The nanospheroid’s permittivity is denoted by €and is
suspended in a fluid of permittivity €, and impedance
Z, Relative permittivity and permeability of the fluid are
defined as €, = €./, and y, = ug/ly = 1 (the subscript
0 represents the free space value). The particle is illuminated
by a time- harmonic electromagnetic wave (EM) oscillating
at the frequency o (assuming time- dependence et ). Our
model is generally formulated for a nanoellipsoid and
degenerates to a nanospheroid by setting a, = a, for the sake
of simplification. A rotating frame of reference is attached to
the ellipsoid mass center (body-fixed frame of reference) and
the Eulerian angles (8, ¢, {) correspond to pitch, yaw and
roll motions respectively.

The EM-field is linearly polarized with a rotating
axis of polarization. Since the angle of polarization axis
changes very slowly on the EM-field time scale, we can
consider the time average of the torque T over one optical
cycle and apply the adiabatic approximation. The induced
electric and magnetic dipole moments (p and m) can be
accordingly expressed as [23]

P = Qe.E + a,cH (3a)
HaMl = @eE + Ay H (3b)

yielding the total torque acting on the nanospheroid. We will
consider the case of Pasteur medium [14]. Furthermore, the



polarizability dyadics  @ee, Xem» Tme@Xmm With @em =

—0 e are given by
Reej = I—]"ga [(8 - ea)[LjAu + (1 - Lj)#a] - ijzﬂaea] (4a)
Ammj = r#a[(# - Aua)[ng + (1 - Lj)ga] - Lszl'laea] (4b)

Qemj = ikl la€q\[Haa (4¢)
where K is chiral parameter, j = x,y,z, I[; = 4ma,aya,/(34))
and
A= (Lip+ (1= Lua) (Lg + (1 - Ly)ea)
- L?KZ Ha€a (4d)

The values L; are the elements of diagonal depolarization
tensor given by relations

L; = 0.5a,a,a, fool/[(s +af)R(s)] ds (4e)
0

with R(s) = J(s +a3)(s+al)(s+a2)and Ly + Ly +L, = 1.

The depolarization coefficients expressed in terms of elliptic
integrals [19]. The values ¢, i, k (and therefore the elements
of polarizability dyadic) are complex values.

11I. THE DYNAMICAL SYSTEM
In the rotating frame of reference (X', Y’, Z') the Newtonian

equation of motion takes the form
L=(T)-D (5

where

L=1&+&x (&) ~ 0 (6a)

(T) = 0.5[Re(Pp x E* + p,ii x H")] (6b)
—k3/(12m) Im((1/€,)P* X P + pii* X 1)

D=R& (6¢)

are the angular momentum, averaged EM torque and drag
terms, respectively. The angular velocity of the particle in the
rotating frame of reference @ is a function of three Eulerian
angles. For a chiral spheroid the nondimensional dynamical
system, expressed in the Eulerian space, is given by

@, y sin?y — B; cosyp — Q
(91:> = B, ™
Pr B; — (@, +2) cos b
where v = E2 e, /(@R4Z, ), By, B,,Bs are functions
presented in appendix A and T = at represents the
normalized time. The proportionality factor a defined by
(8),which is held constant through all simulations, is a
functions of the EM amplitude, polarizabilities in two
orthogonal directions and the angular drag coefficient R

o = E°Re(Ceex — ®eez)/(4R) (8

with a dimension of 1/sec, E is a value of electric field and R
is the angular drag coefficient in two perpendicular axes to

ay (R, =Ry = R). The non-dimensional angular frequency
Q is defined as

0N=20/a 9
where (2 denotes the dimensional angular frequency of the
half wave plate. Note that the dynamical system (7) was
obtained by approximating the second term in (6b) as zero
(Appendix B). In addition, the non-dimensional
transformation @ = ¢ — (2t is applied to the Eulerian angle
¢ which leads to the autonomous system (7) in terms of @.
The index T in (7) means a time derivative. The
corresponding equilibrium points of the dynamical system
are found by equating the left-hand side of (7) to zero and
setting Y = 0 (0 € R) resulting at
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Fig.4 Time series of the dynamical system (7) for chiral parameter
characterized by Re(k) = 0.1447,Im(x) = 1.596and initial
conditions @y =0.73,0, = 1.57,py = 0.1 the value of
proportionality parameter is a = 82.41 In addition the value of the
two nondimensional parameters are given by nl(aeej, amej) =

—0.048 and 7,(Qeej) Apmmy) = 1.341-107°  (Appendix  A).
(a),(b) correspond to 0=42 rad/sec, = 1.02 and (c),(d)
correspond to 0=- 42rad/sec,? = —1.02. Dashed red line
represents the nondimensional polarization angle Q.

{—Bl -0=0

B;—fcosf =0 (10)



The system (10) renders the functions in (7) in terms of 2.
The values of the equilibrium angles ¢f gu”may be found
from equation (10) as

T = 0.55in"[(n, — 2)/(1 + 0.57,)] (11)
@7 = 7/2 = 0.5sin" [, — 0)/(1 + 0.5n,)] (12)

where 1, 1M, two nondimensional parameters determined by
polarizability tensor components. (17, = nl(aeej: amej) and

N2 =12 (aeej' ammj)
IV. OPTICAL TORQUE OF A SPHEROIDAL PARTICLE

In the limit of a non-chiral medium gy = —0tye = 0, the
system (7) reduces to the corresponding system obtained in
[6]. The scenario of OT for the achiral case considered in [6],
is controlled by the critical value of 2 for which || = 1.
Values of 2] > 1, correspond to the so-called non-linear
motion, where the angle of the rod changes nonlinearly with
time. This critical value separates two qualitatively different
regimes of dynamics. For || < 1 we get a phase-locked
motion, for which the rod’s motion exactly follows the
rotation of the electric field polarization. It is also important
to note, that a change in the sign of Q generally leads to the
inversion of rod rotation while keeping its dynamics (Fig.5).

We have performed here several simulations in
different domains in the (2, k space (Fig.3), defined by the
relations 11 — 2 = £(1 + 0.5n,) which correspond to the

boundary for which the equilibrium (10) holds. It is worth
mentioning that the value () depends on the chiral parameter
which is usually a complex number. We have also considered
a gold nanorod for two partial cases of real and imaginary
chiral parameter (see Fig.3 a, b). The values of the chirality
parameters are rather high. However, similar values of
constitutive parameters have been reported in some other
structures, such as DNA-Au, or chiral AU-colloids [21].
Future results can be also related to these types of artificial
chiral structures. It is important to note, that the chosen
chirality parameters satisfy the condition of |k| « Im(n) (n
is a refractive index). This inequality guaranties that the rod
is produced from a passive material [21]. Finally, the reader
is recalled that for the effective implementation of OT, we
need to have similar tensor values of the polarizabilities (i.e.,
different values for the longitudinal and transverse
components) [6]. Such a property holds for a spheroid with
an isotropic conductivity due to its non-symmetric
configuration.

Our numerical simulations demonstrate (Fig.3) that
for the chiral case one can readily separate out the phase-
locked and the nonlinear regimes (with respect to Fig.3 b,d
the set of coordinates ()? Y, 7 ) correspond to the
conventional set (X, Y, Z) via normalization by ay, i.e., X =
X/ay,Y = Y/a, etc.). In a similar manner to the non-chiral
case, the domain of the phase-locked motion, exists between
the red and the blue lines depicted Fig. 3. However, in the
chiral case this domain is not invariant with respect to the
sign of the chirality.

As a result, the chirality of the rod dramatically
changes the qualitative behavior of OT. For example, for

positive direction of rotation (Fig. 4c) the phase of the rod
motion (blue line) follows exactly the rotation of the field
polarization (red dashed line). Such dynamics corresponds to
the monochromatic oscillations of the Cartesian coordinates
(Fig 4b). By changing the direction of rotation (while
keeping the value of its frequency), we obtain another
scenario (Fig 4a). The rod decelerates in its rotation from that
of the field polarization. Thereafter, it eventually stops and
then starts to move in the opposite direction (this effect is
named “flip-back” in [6]). After some time, the rod regains
its initial direction of motion. Thereby, the dynamics of the
rod corresponds a periodic chain of “flip-backs” strokes.

However, in contrast with [6], the OT dynamics in
the chiral case, depends on the direction of rotation of the
EM-field polarization axis. The OT dynamics is also
different for a right-hand chirality and a left-hand chirality
and depends on the chirality value. At the Fig. 5 it is shown
the dynamics of the structure with the opposite sign of
chirality value. One can see again the phase-locked and the
nonlinear regimes with the same dynamics subject to the
direction of rotation. However, every of these regimes exist
for the opposite directions of rotation.
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Fig.5 Time series of the dynamical system (7) from initial
conditions @y = 0.73,68y = 1.57,3y = 0.1 and parameters 1, =
0.048,m, = 1.341-107%, & = 82.419,Re(x) — 0.1447,Im(x) =
—1.0596 (a),(b) correspond to 0 =42 rad/sec,Q = 1.02 and
(¢),(d) correspond ol = — 42rad/sec, = —1.02.



Fig. 6 shows the dynamics of achiral spheroid. In this case,
we see identical non-linear dynamics for both directions of
rotation. In contrast with the non-chiral case [6], such
dynamics with the same angular velocity is reachable only in
one direction of rotation (positive value (2). Changing the
direction of (2 leads to a breakdown of the nonlinear regime
and a transition to the phase-locked regime. Due to the
special chiral asymmetry, the phase-locked dynamics is
reachable for a dual system (i.e., changing sign of chirality).

V. CONCLUSION AND OUTLOOK
In this paper we have predicted the novel
mechanism of OT of small spheroidal particles made from a
chiral material. The OT is considered as a linearly polarized
EM-field with rotating polarization axis.

The dynamical equations and the conditions of stationary
state are formulated and numerically simulated. The results
of our analysis demonstrate the qualitative influence of the
chirality on the OT.
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Fig.6 Time series of the dynamical system (7) from initial
conditions @, = 0.73,0, = 1.57,39 = 0.1 and parameters n; =
1N, =0, = 82.419,Re(x) = Im(x) =0 (a),(b) correspond to

Q =42rad/sec,2 =1.02 and (c),(d) correspond to Q=
—42rad/sec, 2 = —1.02.

In a similar manner to the non-chiral case [6], we
find that two regimes of OT dynamics exist: phase-locked
motion and non-linear motion. This effect may be found
useful in different applications such as: i) measurements of

chiral parameters; ii) optical enantio-sorting of chiral objects
iii) design of optical driven micro-machines; etc.

A similar effect also exists in other types of helix-
like structures, such as chiral carbon nanotubes, plasmonic
nanohelixes, DNA-Au, or chiral AU-colloids. Such objects
may be described by the dipole approximation, but the model
of chiral dielectric is invalid for the calculation of their
polarizability. Among the many remarkable properties of
chiral objects, we mention here the internal EM-resonance
(“antenna resonance”), which seems to be an effective
manifestation tool also in optomechanics. This is certainly
one of the promising directions for future research activity.

APPENDIX A

For the functions B;, B,, B; in equation (7) we have

B, = 0,(nyc08P — n;sin®@) + 0,(2sin® — n,cos®) (A1)
B, = sinisin€ (B; + y cos ) (A2)
B3 = 01(0411 + 0373) — 05(204 + 0374) (A3)

where n, = 8, + 6,,1, = 8; — §3.The coefficients &,,u =
1,2,3,4 are functions of dyadic polarizabilities, elements of
which are given by

81 = 2Re(@mmz)/[Za" Re(Qeex — Gees)] (A4)
8, = 2Re(@mez)/[ZaRe(@eex = Ueez)] (A5)
83 = 2Re (@) /[ZERe(Coex — Qeez)] (A6)
84 = 2Re(Amex)/[ZaRe(Ceex — Qeer)] (A7)

where Z, is the impedance of the surrounding achiral fluid.
The values oj,i = 1,2,3,4 are the functions of Eulerian
angles and are given by

01 = cosysin® + siny cosfcosP (A8)
0, = cosypcos® — sinpcosOsin® (A9)
03 = simpsin® — cosy cosOcosPd (A10)
0, = sinypcosP + cosy cosOsind (A11)

APPENDIX B
Let the magnitude of the incident EM field defined as
E = |E|,H = [H| (B1)
in addition, we define the following non-dimensional
variables
Eo = E/E,Hy = H/H,po = p/(&,2°E)
my = m/(a3H), ko = ak,, (T)o = (T)/(eqa3E?) (B2)

where a, is half of the length of the major axis of the
spheroid. The nondimensional form of (6b) reads



(T)o = 0.5[Re(po X Eg +mg X Hp)]
—k3/(12m) Im((p5 X Po) + (MG X my))
(B3)
for a nonmagnetic achiral particle, the relation (B3)
degenerates to

k3
(T)o = 0.5 |Re(po X Ej) + alm((po x py))| (B4)

in the Rayleigh regime the radiative correction to the
polarizability is given by [24]

Aeej = &eej/[l - ideekg/(6n)] (B5)
where Q¢ stands for the polarizability at the electrostatic
limit with j =X,y,z. In terms of the non-dimensional

polarizability agej we have

Qo) = @ /[1 — i@2K3/(6m)] (B6)

where @, ;= @eej/ (g4a3) is the nondimensional static
polarizability. Furthermore

L0 = A 14 i@,k /(6m) B7)
L1 —id, kg /(6m) 1+ iad,;ks/(6m)

and after neglecting sixth degree terms

~ |~ 2
Agej =~ Qoo + |G| K3/ (6m) (B8)

The averaged torque for the nonmagnetic case is then
together with (B8) becomes
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