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Abstract: In this paper, we present a theory of edge effects in graphene for its applications to
nanoantennas in the THz, infrared, and visible frequency ranges. The novelty of the presented model
is reflected in its self-consistency, which is reached due to the formulation in terms of dynamical
conductance instead of ordinary surface conductivity. The physical model of edge effects is based on
using the concept of the Dirac fermion and the Kubo approach. In contrast with earlier well-known
and widely used models, the surface conductance becomes non-homogeneous and non-local. The
numerical simulations of the spatial behavior of the surface conductance were performed in a wide
range of values, known from the literature, for the graphene ribbon widths and electrochemical
potential. It is shown that if the length exceeds 800 nm, our model agrees with the classical Drude
conductivity model with a relatively high degree of accuracy. For rather short lengths, the conductance
exhibits a new type of spatial oscillations, which are not present in the ordinary conductivity model.
These oscillations modify the form of effective boundary conditions and integral equations for
electromagnetic field at the surface of graphene-based antenna. The developed theory opens a new
way for realizing electrically controlled nanoantennas by changing the electrochemical potential
via gate voltage. The obtained results may be applicable for the design of different carbon-based
nanodevices in modern quantum technologies.
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1. Introduction

Innovative electromagnetic nanoantennas, which generally function at wide range
of frequencies (from THz until video frequencies), play a vital role in the emerging field
of photonics and plasmonics [1-6]. These antennas can be used as promising tools for
transforming near-field light into far-field and vice versa. Their excellent capabilities are
usually utilized in a wide scope of applications. Among them, are traditional applications
for basic elements in electronics, high-speed communications, informatics, and quantum
computing [7] (in particular quantum nanomechanical qubit on carbon nanotube [8]). As
far as commercial and industrial applications of carbon-based nanostructures [9,10], one
can list some novel applications such as: (i) high-resolved spectroscopy [11]; (ii) high-
speed communication [12]; (iii) light emission and detection [10]; (iv) identification of
biomolecules and medical diagnostic applications [13,14]. The design of the devices men-
tioned above, require taking into account edge effects and their correct physical description.
It should cover a wide frequency range from microwave until optical. These recent innova-
tions have stimulated huge interest in the theory of nanoantennas. Microwave standards
become invalid starting from the THz region, as the size of the antennas is miniaturized to
micrometer scale [6]. Therefore, the common model of perfect electric conductor, which is
widely used in microwaves, is not suitable in the range from THz to optical frequencies.
By manipulating the different types of finite-size (edge) effects [15-17], the conventional
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antenna configurations can be also used in the range from microwave to optical frequen-
cies [1-6]. However, antenna devices which operate in the terahertz range (0.1-10 THz),
have some fundamental limitations on their applicability in practical devices [6].

The extensive recent progress in nanotechnologies, has led to the discovery of novel
artificial types of condensed matter, such as graphene [18], carbon nanotubes (CNTs) [7],
Weyl and Dirac semimetals [19], and topological insulators [20,21]. Recent studies have
noted that graphene is one of the best candidates for overcoming the limitations mentioned
above [6].

Consequently, a great number of fundamental physical problems were reconsidered.
The electrical properties of macroscopic structures may be described both in terms of
conductivity and conductance [17], which are equivalent and coupled via the simple
constant coefficient defined by the size values of the sample. As it was noted in [17], the
conductivity for nanomaterials (including graphene) is a well-defined value only when the
sample is enough large. It is clear from an intuitive point of view that the electric current
becomes homogeneous and insensitive to boundaries of the sample. When the sample’s
size is reduced, the current becomes non-homogeneous and non-local with respect to the
field variations in the material. Then, the concept of conductivity loses its meaning. The
behavior of the electrons in nanoantennas becomes sensitive to the feeding lines, detectors,
modulators, and the edges due to the quantum-mechanical interference. As we show,
exact optical conductance is suitable parameter for formulation of the effective boundary
conditions for electromagnetic field in nanoantennas. In contrast with conductivity, it is
non-homogeneous and not coupled via simple relation with optical conductivity (which
is homogeneous value). It is described by the Kubo approach instead of Boltzmann's
transport equation.

A nanoantenna in its theoretical analysis is generally considered as a system termi-
nated by a well-defined edge. The edge geometry is one of the widely used idealizations in
modern physics. For example, in all branches of classical mechanics and physics (e.g., elas-
ticity, hydrodynamics, acoustics, electrodynamics), the edge has a configurational character.
It corresponds to a point or contour at the surface of the body on which the normal vector
is usually undefined (half-plane, wedge, cone, etc.). Taking the edge position into con-
sideration allows us to simplify the boundary conditions and employ certain analytical
techniques such as separation of variables, using for example special orthogonal coordinate
systems [22] or the Wiener-Hopf method [23]. Such analytical solutions are especially
attractive for the qualitative analysis of novel types of problems involving interacting fields
of different physical origin (for example, plasmonics and optoelectrofluidics [24]). However,
such idealization may lead to the loss of uniqueness of the problem statement. The reason
for this is related to the fact that placing any point singularity at the edge generally does not
violate the governing wave equation as well as the corresponding boundary and radiation
conditions. The analytic solutions thus obtained, are correct from the mathematical point of
view. However, they may turn to be physically incorrect because due to lack of uniqueness
since they may correspond to another source of the field. In order to obtain the correspond-
ing of physically unique solution, one must enforce the condition of finite (bounded) energy
over an arbitrary area (finite extend) around the edge (Meixner condition) [25]. Such an
approach usually results in the formation of field singularities at the vicinity of the edge.
Note that an edge-like configuration generally does not affect the constitutive properties of
the medium (e.g., a perfect conductor or a perfect insulator in classical electrodynamics).

The edge for the different types of nanostructures corresponds to the spatial area in the
vicinity of the sample boundary which size is rather large compared with the inter-atomic
distance. However, the mechanism of electronic transport at the edge is dramatically
different from the corresponding properties of the bulk region. One of the reasons for
this disparity is the existence of new types of quantum states strongly confined to the
vicinity of the edge, which are able to produce novel physical properties such as topological
order (so called, edge states [17,18,26]). Such transport mechanisms manifest themselves
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in special optical and optomechanical properties and different types of metamaterials
(e.g., carbon-based nanostructures).

The edge areas play the main role in forming the emission in classical radio-frequency
antennas [27] and optical nanoantennas [1-6,28] as well as interconnects [29], modula-
tors [10], and filters [30]. One of the promising types of nanoantennas that operate in the
THz and optical frequency range are based on carbon-based nanostructures (graphene,
CNTs) [31-34]. The physical mechanism underlying the radiation pattern is based on the ex-
istence of a strongly retarded surface plasmon predicted in [31,35], experimentally observed
in [36] and used for interpretation of the intriguing measurements of the THz conductivity
peak [37]. These works use different models for the charge transport [31,35,37-39], but
all of them are not self-consistent. In another words, the boundary value problem for
the Maxwell equations is formulated for the real geometry of the object, while the value
of conductivity is introduced as a phenomenological parameter which is determined by
using a model corresponding to an infinitely large structure. Of course, such an approach
appears to be attractive since it allows reaching simplification due to the separation of
the EM field and charge transport equations. Such an approach keeps the self-consistent
requirement for planar structures with the Fresnel transmission-reflection condition of
EM fields (graphene films, semitransparent mirrors, etc.) [40—43]. However, it may not be
adequate for the detailed description of EM-field scattering and antenna emission in the
general case. One can clearly expect that the error of such a non-consistent approach may
be ignored as being very small, providing the size of the system is rather large. However, it
means that the effect of the Fresnel transmission-reflection dominates the field forming,
whereas the antenna efficiency decreases. Nevertheless, it is impossible to say a priori what
is the validity bound of such a simplification.

This problem becomes especially relevant for graphene-based structures due to the cor-
responding large geometrical size disparity for applications in different graphene devices.
The advancement in graphene synthesis methods make it possible to grow graphene sam-
ples from 2.1 nm to few centimeters [6,44—47]. The detail description of optical graphene
conductivity requires a self-consistent analysis. Such a self-consistent approach determines
the produced electromagnetic field acting on electrons over their motion by taking into
consideration the finite-size configuration and using an appropriate microscopic model for
the edge. The formulation of such a self-consistent analysis is one of the main contributions
of this paper. One of the important results of this paper, is the analysis of edges effects
(shape of finite extend) and determining the corresponding error when self-consistency is
not prevailed. It is important to note that edge effects do not only add up to the quanti-
tative differences in the value of conductivity. Edge effects are also able to dramatically
affect the special physical mechanism of charge transport. This causes the necessity of
formulating the theory in terms of optical conductance, which is essential for applications
in antenna design.

This paper is organized as follows: models of the edge of a graphene ribbon based
on the Dirac- fermion concept are first discussed in Section 2. Thereafter, based on using
the Kubo approach and the concept of general susceptibility [48], we analytically obtain an
expression for the surface conductance of a terminated (finite) graphene sheet. Results of
numerical simulations together with a discussion are presented in Section 3. Conclusion
and outlook are finally provided in Section 4.

2. Optical Conductance of a Terminated Graphene Sheet
2.1. Kubo Approach for Optical Conductance of Graphene

The statement of the problem is depicted in Figure 1. In the following we use the
synthesis of the Dirac fermion model [17,49,50] with Kubo approach for conductance
calculation. The Kubo approach is considered an exact universal technique which couples
the generalized forces of arbitrary physical origin with the responses of correspondent
origin via general susceptibilities [48]. The integral for general susceptibility is calculated
by deflecting the integration contour in the complex plane of time upwards or downwards
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according to the sign of frequency. Towards this goal it is convenient to define the forces as
tangential components of electric field and responses as components of current densities.
Thus, the general susceptibilities are defined by a 2 x 2 matrix where

ow®) == & [ Kap(@:%X) Epo (X)X, M
b=12
and
Kap(w;x,x') =
EZT‘*’ [ et (2,(t, %)% (0,x') — £,(0,x') 24 (t,x))dt. 2
0

Here j,(x) = (ja(x)), and ja(t,x) = iwefq(t,x), with (ja(x)) representing the observ-
able current density, £,(t,x) is an operator of charge displacement per unit area. The
general susceptibility tensor K,,(w; x,x") depends on the geometry of the sample as well
as the electronic properties of the medium. Therefore, it has a physical meaning of non-
local optical conductance (in the units ¢?/h) in a similar manner to the dc conductance of
graphene in [17].

B-atoms removed A

Energy

Valley K

A-atoms removed

(a) (b)

Figure 1. Problem statement: (a) Geometry of a graphene sheet with zigzag edge configuration.
A-atoms and B-atoms form two sub-lattices coupled in every spinor modes. Zigzag edges produced
via removing A- or B-atoms out of the sheet at the edge (the places of removed atoms are marked via
dash lines); (b) Fermi-Dirac conical valleys for the model of pseudo-spin dispersion. The self-crossing
points K and K’ correspond to the pair of Fermi points in the Brillouin zone.

The next step is the transformation of Equation (2) to a form that is convenient for
applications in graphene electrodynamics. Thus, one can write

[e)

Kap (w;x,X') = /""t A”b <]§”b>)dt, 3)

0

<9?b(0,x’)fa(t,x)> and

(i) = n{3%8) = D) e @

S

where <A”b> <]a(t, x)%(0,x')), <Bah
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Kop(w; x,x') =

where g denotes is the density matrix of free motion.
The diagonal matrix elements of the operator A?’ are defined by

(Aab)ss - Z(iﬂ(t’x))ss’ (xAb(O’X/))s’s’ ®)
and following Equation (4) we have

<Aab> - ZZ(;ﬂ(tlx))ss’ ' (fb(o,x/))s/SPOs& (6)

s g

where s = {p, k, } represents the combinative discrete—continuous index (p is the discrete num-
ber of the state and ky, is its continuous wave number over the y-axis). The temporal behavior

within the linear approximation can be also expressed as (fu (£, x)) ., = (ja(0,x)) e s e/R,
and as a result we obtain

(A7) = DY 0,0) - (£5(0,X)) gyposse HE) )

s g

A similar relation may be also obtained for Bab , namely
<Bﬂb> — ZZ(ﬁh (O’X/))ss’ . (]11(0 x))s SPOSSer(EQ € /)t (8)
s g
Next, combining Equations (7) and (8) with Equation (3), renders
D
> / (8 &1 )t o / o (g —¢ ) (9)
X)) g (26(0,X)) g™ HE70" — (2,(0,%')) 5 (ja(0, X)) g2 =" Lt

For shortness, we omit the initial value at time ¢ = 0 in the matrix elements of the
current operator ((ja(0,x)) s — (Ja(x)) s, etc.), which by using elementary integration
yields the following expression:

Kap (w;x,X') = ZZ{ X))o (£ (X)) - (& 0O)ss Ua () }POSS- (10)

(o) (ot (e —ex))

By introducing the following change s — s’,s’ — s in the second term of Equation (10)
and using the relation (J, (x)),o = ie(ey — €5)(Ra(x)) sy / , the latter can be written as

’s

)

, (11)

Kap (w;x,X') = —mzz ss/ (]b X')))

S — &gt

1
(POSS - pOs’s’) (

€5 — €g/)

where poss = f(e) = 1/ (e #)/ksT 1) denotes the Fermi distribution and y is the
electrochemical potential. The electrochemical potential is defined here by the concentration
of electrons/holes according to the following relation; ny = 7w~ (u/hv F)Z [40-43]. This
potential vanishes for a perfectly clean graphene at zero temperature [17] and may be
effectively controlled via the gate voltage [40-43].

Because of the Hermittivity nature of the current operator, we have (j(x)) . = (5 (%)) .os
where the upper asterisk denotes complex conjugate. Therefore, one can write Equation (11)
in a more compact form as

Kap(@ixx) = = L (g ) = T1(0)), 12)



Appl. Sci. 2023,13,2221

6 of 18

where

ZZ( a (600), (fles) = flew))- (13)

s g SS_‘C’)

2.2. Zigzag Edges

In this subsection we apply the general methodology to an edge of a zigzag-type.
The electronic properties of the ribbon are described by the model of Dirac fermion cor-
responding to a tight-binding model on a two-dimensional honeycomb lattice [17,26,51].
We use the zigzag-type boundary conditions for Dirac fermion on a terminated (finite)
lattice derived in [17,26,51], since it was demonstrated that this type of boundary condition
can be generally applied to a terminated honeycomb lattice in the case of electron-hole
symmetry [26].

The A- and B-atoms are coupled in every spinor mode. From a physical point of view,
the interpretation of electronic transport may be considered as a motion from A-atoms to
B-atoms and vice versa, while A-A and B-B motions are forbidden. The electron transport
for a zigzag edge in valleys K and K’ is independent and is considered separately. The wave
function is expressed as a linear combination of the eigen 4D spinors. The pseudo-spinor
modes for valleys K and K’ have the following form:

Yas(xt) us(x)
Yoo ) = ‘I’B,séx,t) _ vs(()x) eilkyy—eit) (14a)
0 0
0 0
_ 0 _ 0 i(kyy—wst)
Yyrs(x, 1) = e = e'\ . (14b)

—¥ps(x 1) —0s(x)

X
The functions us(x), vs(x) (s (x), U5 (x)) in the valley K (K') take the following form
for bulk and edge states

90 1 ) ) o+ )]
Ed
s 8 (x) = —\/51 BEdg‘f smh{ (ky) (x %)} (140)
oBulk (x) i\Wsm[K,ﬂx( ky) (X %)} ’
vfdge (x) = iy / 51 BEse (k smh[ (ky) (x - %)}
where .
BBulk 1— sin Zpr ky ) (14d)
b 2 px ky)L !
. -1
BEdge(ky) — Sll’lh(Zl’] (ky)L) -1 , (148)
21 (ky) L

where [ represents the normalization length in the y-direction (which goes to infinity in the final
result), B E uk(k,), BE43¢ (k, ), is anormalization constants, ky, kx, = kx, (k;) are the correspond-
ing wavenumbers which are defined by the dispersive relation k, — ik, = (k, + ik xp)e*ZikWL,
and s = {p,k,} is the combinative discrete-continuous index (p is the discrete number
with respect to the x-axis and k,, is the continuous wave-number over the y-axis). The above
dispersion relation has an infinite number of real roots single accumulation point at infinity
(confined modes) and one imaginary root that corresponds to the edge state [17]. Transfor-
mation to the edge state from the confined modes in Equations (14a—e) and characteristic
equation may be performed via the exchange xsy — #. The two signs in (14) correspond to
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O.Intm (x) —

e

electrons and holes respectively. As one can see, Equations (14a,b) satisfy the Dirac equation

and are subjected to the following boundary conditions; us(—L/2) = vs(L/2) = 0[17,26,51].
The components u(x) and v(x) are separately orthogonal (mutually non-orthogonal) due to their

coupling over electron motion between the atoms of A and B sublattices. Since the expression

for the ac-conductivity with a zigzag edge is isotropic, we have K, (w; x,X') = 6,,K(w;x,x’),
where the general susceptibility implies that K(w;x,x') = —iw ™} (TI(w) — I1(0)), with

- 2 p 000 e g, 15

s g 8S — &y

where (j(x)),y = 2evp (¥} (x,0)0%(x,0)) represents the matrix element of the current
operator, o denotes the xy vector of the Pauli matrices, s = £hvr, /kﬁp + k% is the energy

of the s-th state, and e, v correspond to the electron charge and Fermi velocity, respectively.
The general susceptibility may be presented here as the sum of two components of different ori-
gin, namely K (w;x,x') = K™ (w;x,x') 4+ K" (w; x, ), where K" (w; x,X') = —icw™T1(w)
corresponds to the interband motion which may be omitted at rather low (THz) frequen-
cies. The second term K" (w;x,x') = iw~1T1(0) corresponds to the intraband motion
and leads to the common conductivity law j(x) = —ic!™"(x)E(x), where the surface
conductance is found by substituting the pseudo-spinor modes (14) into (15), results in

U.Intra(x> ~ — l;wvi 1() / 2 . (|us(x)|2 + |Us(x)|2)dky (16)

e=es=¢ey (ky)

For details see Appendix A. The final explicit expression for the conductivity given in
(16), is spatially inhomogeneous (x-dependent) and is a manifestation of edge effect and
incorporating a self-consistent description.

2.3. Approximation for Zero Temperature

Let us next consider the important case of the conductance at zero temperature, which
opens the way for further simplifications of Equation (16). In this case the Fermi distribution
may be replaced by a step function and its derivative in (16) can be transformed into a
Dirac delta function 9f /de = —é(e — u), which allows an integration of (16). Performing
such integration is possible in terms of the discrete number of roots of the following
transcendental equation ¢(k,) = p (qualitatively depicted in Figure 2), which may be also
written as

=K

tg(. [i2 —kgnL) - kiy" (17)

yn
The value yi = u/hvr means normalizing the electrochemical potential by the electron
energy. The corresponding edge mode may be obtained by the formal exchange ky, — ik
(such root exists only under special conditions). For the integration over k, we use the
following property of the Dirac delta function

] Sleti) ) E ()t = T s)

where ¢ (k) denotes the y-component of the group velocity of pseudo-spin (prime means
the derivative). The final explicit result for the conductivity can thus be written as

2N-+1 B

nﬁzL(w +i0) = Z ¢ (k

;n)| [Sinz(\/M(x—QD +sin2< ﬁz_kgn<x+§>)]. (19)
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Figure 2. Illustration with respect to the zero-temperature approximation. Black lines correspond to
confined modes, red line corresponds to the edge mode, and blue line corresponds to the first confined
mode. The black point corresponds to the critical wavenumber in which the mutual transformation
of the edge mode to the first confined mode takes place. The dotted horizontal line corresponds to
the given electrochemical potential. The values ky,, denote the roots of Equation (17).

The values of k,, depend on the electrochemical potential and satisfy the characteristic
Equation (17). The normalized coefficients B, in (19) are defined by

-1
3 92 12 ~
5 [1- sm(21/]4 kynL) _ i 0)
2, /12 —12,L 2(e3L — kyn)

Equation (19) may be finally transformed to

2
Intra — e .
o (x) = YL (w ti0)

¥ et e (e ) (e )]

For details see Appendix B.

(21)

2.4. The Limit of an Infinite Sheet

In this subsection we show that our model reduces to the familiar Drude relation
for the conductivity in an infinitely wide sheet. Taking the limit L — co and using the
following transformation (2L) 'Yy, (...) — (27‘[)_1fj°oo(. ..)dky, Equation (16) yields

Int - ie?v?
o (x) ~ ~ 3o £0)

. (22)
S

o [1 — Lcos(ky(2x — L)) — L cos(ky(2x + L))} dkdk,.
Y

e=es=¢y
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Introducing the polar variables ky = €sin @, k,, = € cos ®, we obtain dkydk, = ¢ded®.
Using the zero temperature approximation, we exchange the Fermi distribution derivative
by the Dirac delta function and integrate over g, so that Equation (22) becomes

2
ot (x) ~ 2n2h,12€(f;+i0)' )

27 23

Ik {1 — L cos(fi(2x — L) cos @) — 3 cos(7i(2x + L) cos <1>)] ad.

0

Furthermore, employing the following addition theorem for the Bessel functions [52]

e:Fip cos ® — Z i:Fm]m (p)e:timfbl (24)

m=—oQ

it is possible to integrate Equation (23) and obtain

02
() & b 1= SR - 1) - 3@ L) @)

If the observation point x (under the assumption of large L), is placed rather far
from the edges, the arguments of Bessel functions become large, so that the asymptotic
relations [52]. In this case, the last two terms in (25) become indefinitely small. The
first term, which is exactly equal to the Drude conductivity GP™¢ = ie?u/ h?(w + i0),
becomes dominate over the whole area of the ribbon excluding the narrow vicinities of the
edges. Thus, it is demonstrated that in this limit our model asymptotically reduces to the
classical expression for the Drude conductivity.

2.5. Optical Conductance for the Edge with Infinite Mass Boundary Condition

This problem is of special interest in connection with a suspended sheet. The interac-
tion between the edges of the sheet with the electrodes, results in the creation of electrostatic
potential. Following [26], the electron-hole symmetry, which is generally restricted for
boundary conditions of a zigzag or armchair types, is broken. It may be also considered
as a manifestation of a staggered potential at zigzag boundaries, which may change the
nature of the boundary condition. For an infinitely large value of potential, it leads to an
“infinite mass” boundary condition, which may be written as us(£L/2) = —vs(£L/2).
The corresponding eigen pseudo-spins in this case are provided by Equation (14) with

1 —i(kmnx—5%) 1 i(kenx— %)
Us(x) = e xn 7) — (—1)"eilkxn 3 ) 2%
)= 5 (=1 ) (26)
1 —i(kenx+%) 1 ikenx+ %)
Velx) = ———1\e mAT ) (—=1)" e\ fan > , 27
where ky, = nm/L and eiGS = m
I+

In order to calculate the conductance, we use again the Kubo approach with the
pseudo-spinors defined in Equations (26) and (27). The difference from the zigzag edge
formulation is due to the lack of orthogonality of Equations (26) and (27), which leads to a
non-local conductance (spatial dispersion). The conductance operator does not add up to
the convolution form because of the non-homogeneity of the finite-length structure. In the
case of a rather wide sheet the non-local component becomes relatively small and may be
usually ignored. In this particular case the conductance relates to Equation (16) with the
pseudo-spins provided in Equations (26) and (27).

3. Numerical Results and Discussion

The optical properties of graphene are generally defined by the geometrical size of the
sample and the value of the electrochemical potential. These parameters may vary over a
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wide range and thus are of practical interest to nanoantenna design. The recent advances
in graphene technology make it possible to produce graphene samples of size from few
nanometers to few centimeters [6,7,22]. The electrochemical potential may also vary over
the interval 0 < p < 1.0 eV, by doping the sample or by applying gate voltage [6,7,22]. In
this section we present some numerical results of conductivity simulations for a wide range
of physical parameters based on the theory developed above.

One of the main results of the present study according to Equations (16) and (19),
is that the non-homogeneity of conductance is mainly due to the edge effects. The con-
ductance distribution is controlled by the parameter yL = uL/hvr, which defines the
number of modes supported by the conductance value. Figures 3-5 present the normalized
conductance distribution for a rather large length L. = 800 nm and for different values of the
electrochemical potential (increasing y corresponds to increasing number of modes). The
qualitative behavior of the conductance is the same in all these Figures. The conductance
oscillates with respect to the spatial variable and decreases near the edges. The amplitude
and period of oscillations decrease with increasing of the electrochemical potential y. The
average value of the conductance (to a high degree of accuracy) corresponds to the classical
Drude model of conductivity, as discussed in Section 2.4. One can anticipate that such
small oscillations are unable to manifest themselves in the scattering of electromagnetic
waves due to the smallness of their period compared with the wavelength. Thus, we may
conclude that the Drude model can be applied for this range of parameters.

%1073
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The considered scenario changes dramatically with decreasing the dimension of the
sheet, as shown in Figures 6-8 (each figure corresponds to a different value of the length
for the same value of electrochemical potential). One can clearly see the enhancement of
oscillations, which makes the Drude model invalid for such values of parameters. In fact,
it becomes impossible to introduce the conductivity concept in its ordinary meaning. As
it was mentioned above, the value defined by Equation (16) has the meaning of optical
conductance, which strongly depend on the geometrical size of the sheet. It may be coupled
with Drude conductivity by the Relation.
1
O_Intra(x) — GDrudez®(x)/ (28)
where
thl 1 2 L o e L
O(x) = ~{sin( i —kn<x—)>+sin< i —kn(x—i—))} (29)
izt [ (L = 1] ! 2 ! 2

is an x-dependent dimensionless coefficient, in which the configuration of the sample
manifests itself. This situation is rather similar to the electron transport in graphene in dc
field (the concepts of conductance and conductivity discussed and compared in [17,53]).

The physical mechanism for the conductivity oscillations is the interference between
the pseudo-spin modes due to the reflection from the sheet boundaries. The important
features are demonstrated in the single-mode conductance (Figure 6a,b). For the rather
small electrochemical potential the active mode is an edge type. The sign of the conductance
is negative, which corresponds to its inductive origin. The increase in the electrochemical
potential leads to the transformation from inductive to capacitive one (sign exchange) due
to the transformation from the edge mode to the bulk one.

As one can see, the conductivity of a graphene sheet changes its qualitative behavior
for rather small values of length. However, graphene antennas generally exhibit a res-
onate behavior at much lower frequencies as well as their metallic counterparts, which is
experimentally implemented in the THz range [54-56]. Thus, one can effectively exploit
the electrically tunable conductance of graphene exactly for such small sizes, where the
conventional models of conductivity become invalid due to the importance of edge effects.
In summary, it is important to note that including edge effects in the physical modeling
opens a new way for electrical controlling of resonant graphene antennas via the over-
turned electrochemical potential by means of the gate voltage. In some cases, where the
electrochemical potential varies adiabatically slow in time, it also produces a modulation
of the THz emission.
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Figure 6. The spatial distribution of the conductance in the units Gp,, 4./ LI for different values of
length and y = 0.1 eV; (a) L = 2 nm (single-mode regime; edge mode); (b) L = 10 nm (single-mode
regime; bulk mode); (c) L = 50 nm (three-mode regime; all modes are of bulk type).

0.015
0.014 e
8 |~=-Drude model!

0.013

0.012

0.011
X 0.01

0.009

0.008

0.007

0.006 [~

o L L L L L
0.005 L L L L L L L L 05 0.4 0.3 -0.2 0.1 o 0.1 02 03 04 05

(a) (b)

IRA LA A A A
STVARVARVAVAAVERVARY.

e~ Drude model

L L )
-05 0.4 -0.3 0.2 -0.1 o 0.1 0.2 0.3 0.4 05
x/L

(c)

Figure 7. The spatial distribution of the conductance in the units Gp,,4./ LI for different values of
length. u = 0.3 eV; (a) L =2 nm; (b) L = 10 nm; (¢) L = 50 nm.



Appl. Sci. 2023,13,2221

13 0f 18

|~~Drude model

/\

[\

05 0.4 0.3

02

0.1 o 0.1 02 03 0.4 05 05 0.4
x/L

0.4

x/L

0.5

NN

0.2 03

L5
A

Figure 8. The spatial distribution of the conductance in the units Gp,,4./ LI for different values of
length. y =1.0eV; (a) L =2 nm; (b) L = 10 nm; (c¢) L = 50 nm.

The concept of the optical conductance in this paper allows formulating the effective
boundary conditions for electromagnetic field at the surface of graphene sheet in the form
[n, [H,— o — H,—_o,n]] = GP"¥@(x)[n, E]. (30)

Their using leads to modification of integral equations of antenna theory and methods
of their solution.

The considered scenario changes dramatically with shortening of the sheet, as shown
in Figures 6-8 (each figure corresponds to a different value of the length for the same value
of electrochemical potential). One can clearly see the enhancement of oscillations, which
makes the Drude model invalid for such values of parameters. In fact, it becomes impossible
to introduce the conductivity concept in its ordinary meaning. The physical mechanism for
the conductance oscillations is the interference between the pseudo-spin modes due to the
reflection from the sheet boundaries. The important features are demonstrated in the single-
mode conductivity (Figure 6a,b). For the rather small electrochemical potential the active
mode is an edge type. The sign of the conductivity is negative, which corresponds to its
inductive origin. The increase in the electrochemical potential leads to the transformation
from inductive to capacitive one (sign exchange) due to the transformation from the edge
mode to the bulk one.

4. Conclusions and Outlook
The main results of the paper can be summarized as follows:

1.  We developed a new theory of interaction of electromagnetic field with a graphene
sheet for nanoantenna applications in the THz, infrared, and optical frequency ranges.
The main characteristic feature of our theory is accounting for edge effects in a self-
consistent manner. It is based on the concept of optical conductance considered as a
general susceptibility and calculated by the Kubo approach. The model is based on the
concept of Dirac pseudo-spins founded via solving the boundary value problem for
the Dirac equation with the appropriate boundary conditions satisfying the physical
model, including edge effects of the sheet;
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2. The main manifestation of the importance of edge effects is demonstrated by the
inhomogeneity of the optical conductance. The amplitude and period of its oscillations
depend on the length of the sheet and on the electrochemical potential. It is defined
by the number of pseudo-spin modes supporting the conductance;

3.  The developed theory is applied for the simulation of the sheet conductance in a
wide range of sample parameters (length 2.1-800 nm and electrochemical potential
0.1-1.0 eV). It is shown that for a length exceeding 800 nm our model and the widely
used Drude model of conductivity agree to a high degree of accuracy. However, for
small geometric sizes (i.e., smaller than 50 nm), the physical picture of conductivity
with respect to the Drude model changes dramatically due to the influence of edge
effects. This circumstance should be accounted for in the design of graphene-based
resonant THz antennas and other types of photonic and plasmonic nanodevices;

4. Itis shown that the qualitative distribution of the conductivity along the sheet strongly
depends on the electrochemical potential. Thus, it is possible to control the conductiv-
ity and performance of graphene nanoantennas, by means of varying the gate voltage.

Our theory allows reformulation of the effective boundary conditions for the elec-
tromagnetic field at the surface of the graphene sheet with accounting of the edge effects.
It requires the modification of integral equations of antenna theory and the methods of
their solution. This should be one of the subjects of future research activity as well as their
application to nanoantennas and other nanodevices.
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Appendix A. Derivation of Equation (16)

In this Appendix we discuss the boundary value problem for pseudo-spin defined
by Equation (14). As it was mentioned above, the pseudo-spin satisfies the Dirac equa-
tion with the following boundary conditions; us(—L/2) = vs(L/2) = 0 [26]. It may be
also transformed into the Helmholtz equation with two special sets of boundary condi-
tions. We have the Dirichlet condition at the left-hand side and the impedance condition
(ky — 0x) u|x: 1,2 = 0 at the right-hand side for the components u(x) (determined by the
Dirac equation). The situation is precisely inverted for the second type, namely a Dirichlet
condition at the right-hand side and an impedance condition (k, + 9x) v|x:_ Lo = Oatthe
left-hand side. These problems are Hermitian, whereby the eigenmodes form a complete
basis. The components u(x) and v(x) are both separately orthogonal, but are mutually
non-orthogonal, due to their coupling over the electron motion between the atoms of A
and B sublattices. The property of orthogonality is shown at Appendix C. Using complete-
ness, orthogonality, and normalization conditions f_ng |lup(x) |2dx + f_LﬁZ |[0p (%) |2dx =1,
we obtain

ZEuZ,(x)up/(x’) =0(x—x') (A1)

2805 (x)oy (') = 6(x = ') (A2)
p
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Kax (w;xx') =~ —

Starting from the xx-component and using the basis relation (11) for a = x, b = x, the
matrix element of the current density operator, one obtains

(fx(x,O))ss, = %evp(u:,(x)vs(x) + v;‘,(x)us(x))ei(ky’ky’)y, (A3)

Next we examine the limit of / — co by making the exchange Iy, — (27r) "' [*. ¥,
and the same for s’, n’. Summing over s,s” and taking into account both electrons and holes
(£in v, (x) ) as well and the charge carriers in two valleys K and K/, leads to:

Kex(x, ¥ 0) 2 = mzlgijizo)f f dkydk', - e/ kK =v). "
: ZA(XJ/C (X,X,; ky)/

e=en(ky) o ™

where

+ (A5)

Note that the summation in (A5), means including the contribution from both electrons
and holes and the valleys K, K'. The sum over electrons and holes may be transformed
to the sum over the electron states by means of their doubling. The sum of the two other
terms is zero due to the opposite sign of v, (x) (subject to the same u,(x)). The sums over
the electron states are decomposed into the components over the two valleys, implying that

Z():ZK()+ZK/():ZZK() (A6)

n

Finally invoking these transformations and using the well-known identity
(27'5)_1fio e"dh = §(y), we obtain

2,2
Z@UF

dfo(e)
27r(w+10 (x—x' /dkyz

The above equation relates to the only existing spin-state (a real physical spin rather
than a pseudo-spin). Therefore, the total conductivity must be doubled, which corre-
sponds to the value of the conductivity provided by Equation (16). Other components
of the conductivity tensor may be obtained in a similar way. For example, we have
Kyy(w;x,x") = Kyx (w; x,x") and Ky (w; x,x) = Kyx (w; x,X') = 0.

(un P + [ou(x) ) (A7)

e=en(ky)

Appendix B. Group Velocity of Pseudo-spins in Graphene Sheet
Here we calculate the normalized group velocity of the pseudo-spins defined as
ve = & (ky) = 9€/0ky, based on the characteristic equation ¢ (kx) = tg(k:L) k, 1. The
y-component of the wavevector is considered as an independent variable. By takmg
derivative with respect to k,, one obtains
ot _9e ok 1 a8)

ok,  oky ok, K
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And by using the relation ky = /&2 (ky) — k2, we obtain

= 0E ~
ke G, kv @k A9

ke k) -k R -8

For the derivative d¢/dk, we have

kyL
a¢ . cos2 (kL) —tg(ksL)

- A10
ks 2 (A10)

The trigonometric functions may be expressed through the algebraic ones using the
characteristic equation which provide

g B (ky)L—ky

ok Rk (A1D

Expressing the group velocity from (A9) and using (A10), (A11), we obtain

) gt )

In order to determine the renormalization coefficient B,;, we can make a similar trans-

formation: express sin(2k,L) thought tg(kyL) and apply the characteristic Equation (17),
which renders by virtue of Equation (20):

-1
5 #(k
B, <a€ ) _ k) (A13)
9y i, —k,

~ 2(kyuL — 1)
with the conductivity provided explicitly in Equation (21).

Appendix C. Orthogonality of Pseudo-Spin Modes
The Equations for pseudo-spin mode with number s has the form

W o E
Sy _ kky Os T Eslls (A14)
ox yus + €5V

The similar relation may be formulated for another mode with the number s’:

Bv:/ B " ~
aé(u*,i —kyv7 — esfus,,}. (A15)
= kyy + &0y

Let us multiply first Equation (A14) to u, and second the equation multiply to v.
They are summarized and integrated over the interval —L/2 < x < L/2. Using the
boundary conditions, we obtain

L/2 L/2
€ / us(x)uy(x)dx — &y / vs(x)vy (x)dx = 0. (Al6)
~L/2 ~L/2

The similar relation may be obtained from (A16) by rearranging the indexes s and s'.

We have
L/2 L/2

'és// us(x)uy (x)dx — & / vs(x)vy (x)dx = 0. (A17)
—L/2 —L/2
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The eigenvalues with the different indexes are non-degenerate. The pair of Equations
(A16) and (A17) may be considered as a system of linear algebraic equations with respect

to the integrals. The determinant of this system ;S —%S/ is non-zero. This means, that
s’ Tées
fors # ¢/
L/2 L/2
/ us(x)uy (x)dx = / vs(x) v} (x)dx =0, (A18)
~L/2 ~L/2

which provides the orthogonality relation in the required form.
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